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DYNAMIC ANALYSIS OF A SYSTEM OF HINGE-CONNECTED
RIGID BODIES WITH NONRIGID APPENDAGES

PETER W. LIKINSt

University of California. Los Angeles. California 90024

Abstract-Equations of motion are derived for use in simulating a spacecraft or other complex electromechanical
system amenable to idealization as a set of hinge-connected rigid bodies of tree topology, with rigid axisym­
metric rotors and nonrigid appendages attached to each rigid body in the set. In conjunction with a previously
published companion paper on finite-element appendage vibration equations, this paper provides a complete
minimum-dimension formulation suitable for generic programming for digital computer numerical integration.

INTRODUCTION

IN A PREVIOUSLY published paper [IJ there appear equations of motion which characterize
the small, time-varying deformations of an elastic appendage attached to a rigid body
experiencing arbitrary motions in inertial space. The flexible appendage is modeled as a
set of deformable elastic elements possessing distributed mass and interconnected at N
nodes, with a rigid nodal body appearing also at each node. This finite-element model has
6N degrees of freedom in deformation, corresponding to the degrees of freedom invested
in the nodal bodies; deformations of the internodal elastic elements are established by
assigned interpolation functions. The purpose of [1J is to establish the structure of the 6N
deformation equations, in order to permit consideration of coordinate transformations
which might introduce the possibility of coordinate truncation and the consequent repre­
sentation of elastic appendage deformations in terms of distributed or modal coordinates
numbering much less than 6N. With this objective accomplished, the referenced paper
terminates, leaving a set of equations of motion which are incomplete in the sense that
they are insufficient to determine the kinematical variables characterizing the motion in
inertial space of the rigid base to which the flexible appendage is attached.

It is the purpose of the present paper not only to complete the dynamic analysis initiated
in the earlier work, but to do so in a way that encompasses a wide class of vehicles, namely,
those amenable to idealization as a set of n+ 1 rigid bodies interconnected by n line hinges
(implying tree topology), with the possibility of rigid axisymmetric rotors and arbitrary
nonrigid appendages attached to each rigid body in the set.

The results of the previous paper provide the vibratory deformation equations for each
elastic appendage in the system, and the transformation to distributed coordinates which
is appropriate in each case. The new equations to be derived in this paper are descriptive
of the inertial translations and rotations of one reference body and the relative rotations

t This paper presents the results of one phase of research carried out at the Jet Propulsion Laboratory,
California Institute of Technology, under Contract No. NAS 7-100, sponsored by the National Aeronautics and
Space Administration.

t Professor, Mechanics and Structures Department; also Consultant to the Jet Propulsion Laboratory.
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occurring at the n line hinges, with an additional equation being added for each axi­
symmetric rotor in the system. In this respect there is a strong parallel between the results
of the present paper and those obtained by extending the Hooker-Margulies equations [2J
as suggested by Hooker [3J in order to eliminate unwanted kinematic constraintt torques;
the significant difference is that Hooker and Margulies considered only point-connected
rigid bodies in a topological tree, whereas in the present paper the basic elements in the
tree are substructures which are rigid in part but include rotors and arbitrary nonrigid
appendages.

As in [2J and [3J, the final equations of motion are presented here in vector-dyadic
form. Before they can be committed to a computer program, these equations must be trans­
formed into scalar form or into a matrix form parallel to that generated b,' Roberson and
Wittenburg for the multiple-rigid-body system [4]. A forthcoming Technical Report of
the Jet Propulsion Laboratory (JPL) will include matrix equations corresponding to
restricted versions of the vector-dyadic equations provided in this paper.

A digital computer program for the numerical integration of the general equations
reported here is under development at JPL by G. E. Fleischer. The result is to be a generic
program, suitable for the dynamic simulation of a wide class of spacecraft. Many features
associated with the following derivation have been adopted so as to minimize the labors
of the users of this program.

In comparing the results of the present paper with those which underlie flexible body
simulation procedures under development by other organizations, we find the closest
counterpart to our work to be that described in [10]. This reference employs an equation
assembly algorithm (LEGUP) first introduced some years ago for multi-rigid-body systems
by Dr. R. L. Farrenkopf, and this algorithm (applied at each integration step) provides an
alternative to the practice of deriving a comprehensive set of generic equations in advance
of computation as in the present paper. Presumably, some price in computer run-time is
paid for the LEGUP routine. (Dr. R. Gluck of TRW estimated a 10 per cent penalty in a
1971 conversation with this author). Moreover, the referenced equations [10J are expressed
in terms of "modal coordinates" defining response in "mode shapes" which are assumed
to be real, but otherwise undefined. As shown in [IJ and [6J, for spinning flexible appendages
complex modes are most appropriate. In contrast to [IOJ, in the vector-dyadic equations
in the present paper, the "appendage" is restricted only by the assumption of constant
mass; it need not be an elastic body, and it is not restricted to small deformations. These
equations imply no commitment to modal coordinates, but if such are used they may be
real or complex. (Such generality is possible only because this paper stops with vector­
dyadic equations and integral representations; the transition to matrix equations and a
computer program will necessarily involve further restrictions.)

MATHEMATICAL MODEL

Any problem of dynamic analysis must begin with the adoption of a mathematical
model representing the physical system of interest. In what follows, it is assumed that the
model consists of n + 1 rigid bodies (labeled tio' ... ,tin) interconnected by n line hinges

t Kinematic constraint forces and torques are respectively those interaction forces and torques which main­
tain kinematic constraints, such as "no relative translation of two points" or "no deviation from a prescribed
relative rotation."
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(implying no closed loops and hence tree topology), with each body containing an arbitrary
number (perhaps zero) of rigid rotors, each with an axis of symmetry fixed in the housing
body, and moreover with the possibility of attaching to each of the n+ 1 bodies a nonrigid
appendage, with appendage o,k attached to body t k . The appendage itself can be modeled
in a variety of ways without exceeding the scope of the final vector-dyadic equations in
this paper; one might adopt a continuum model, a distributed-mass finite-element model,
or a model admitting mass only in the form of nodal bodies or nodal particles, and one
need not assume small deformations. Specific choices of small deformation appendage
models are made in [IJ, [5J and [6J, and equations derived in these references can be used
to augment the results of the present paper.

If the actual connection between two massive portions of the physical system admits
two (or three) degrees of freedom in rotation, then the analyst simply introduces one (or
two) massless and dimensionless imaginary bodies into his model (as though they were
massless gimbals). Since the number of equations to be derived here matches the number
of degrees of freedom of the system, no price is paid in problem dimension by the intro­
duction of imaginary bodies, and considerable simplification results in the user input
format for the computer program.

Each combination ofa rigid body and its internal rotors and attached flexible appendage
comprises a basic building block referred to here as a substructure; thus, there are n+ 1
substructures in the total system, so labeled that Ok encompasses t k , lZk' and any rotors in
t k ·

DERIVAnON PROCEDURE

Step 1

Isolate each substructure and apply

j = 0, 1, ... ,n (1 )

where, for the jth substructure, F~ is the total resultant of all external forces, Alj is the sub­
structure mass, Aj is the inertial acceleration of the substructure mass center cj , T~ is the
total moment resultant of all external forces referred to cj , and Hj is the inertial time
derivative of the substructure angular momentum referred to cj .

Step 2

Combine the 6n + 6 scalar equations obtained in Step 1 so as to obtain n + 6 scalar
equations which do not involve redundant variables or those substructure interaction
forces or torques which serve to maintain kinematic constraints.

Step 3

Apply T = H to each rotor of the system (where symbol definitions follow naturally
from equation (1 )), and dot-multiply each equation by a unit vector parallel to the sym­
metry axis of the corresponding rotor; the result is a set of scalar equations matching in
number the rigid, axisymmetric rotors in the system.
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Step 4

Record the appendage deformation equations from Ref. 1 (or an alternative source,
depending on the appendage model), and, if appendage deformations are small, substitute
the appropriate (truncated) deformation coordinate transformations wherever the de­
formation variables appear in the preceding equations.

Step 5

Specify all control laws in the form of ordinary differential equations in time, with
control torque magnitudes or their equivalent as dependent variables.

Only steps 1-3 are recorded explicitly here, since step 4 is available in [1J and step 5
depends entirely on the specific characteristics of a given vehicle.

DEFINITIONS AND NOTATIONS

Definitions and notations are as follows (see Fig. 1):
(1) Let n be the number of hinges interconnecting a set of n + 1 substructures.
(2) Define the integer set PA £ {O, 1, , n}.
(3) Define the integer set flJJ £ {1, , n}.

-' :

11 ..../ '0 \

.~ ~ .(.! ....:,..~ .
i.

f

FIG 1. Definitions for the kth substructure, with j < k.
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(4) Let to be a label assigned to one rigid body chosen arbitrarily as a reference body,
and let t 1" •. ,tn be labels assigned to the rest of the rigid bodies in such a way
that if t j is located between to and t k then 0 < j < k.

(5) Define dextral, orthogonal sets of unit vectors b~, b~, b~ so as to be imbedded
in t k for k E~, and such that in some arbitrarily selected nominal configuration
of the total system b: = ~ for tX = 1,2,3 and k,j E~.

(6) Let rok be the inertial angular velocity vector of t k , for k E fJ4.
(7) Let Ck be the mass center of the kth substructure, k E .11.
(8) Let Itk be a point on the hinge axis common to t k and t j for j < k and k E flJ.
(9) Let pk j be the position vector of the hinge point connecting t j and t k from the

point Ok occupied by Ck when the kth substructure is in its nominal state.
(10) Let ck be the position vector from Ck to Ok'
(11) Let pk be the position vector to Ck from the system mass center CM.
(12) Let X be the position vector to CM from an inertially fixed point J.
(13) Let vltk be the mass of the kth substructure, for k E~.
(14)t Let (p)k be a generic position vector from Ok to any point in the kth substructure.
(15)t Let (U)k be a generic vector of the kth appendage describing the displacement

relative to t k from some nominal state (perhaps an undeformed state).
(16) Let t be a unit vector parallel to the hinge axis through Itk'
(17) For k E flJ, let Yk be the angle of a gk rotation of t kwith respect to the body attached

at Itk' Let Yk be zero when b: = b~ (tX = 1,2,3 ;j, k E fJ4).
(18) Let Jk be the inertia dyadic of the kthsubstructure for Ok' so that Jk is time variable

by virtue of small deformations.
(19) Let Fk be the resultant vector of all forces applied to the kth substructure except

for those due to interbody forces transmitted at hinge connections.
(20) Let Tk be the resultant moment vector with respect to Ck of all forces applied to

the kth substructure except for those due to interbody forces transmitted at hinge
connections.

(21) Let 'L k be the scalar magnitude of the torque component applied to t k in the
direction of gk by the body attached at Itk'

(22) Let F = LkEOlI Fk be the external force resultant for the total system.
(23) Define the scalar tff.k such that for k E ~ and s E flJ

{
I if Its lies between to and t k

t!. ::!
sk .°otherwise

(The n(n+ 1) scalars Ssk are called path elements.)
(24) Define vIt ::! LkEOlI vltk, the total system mass.
(25) Let N k, denote the index of the body attached to t k and on the path leading to

t" and let N kk ::! k. (These are the network elements.) For notational simplicity,
use N k for N kO '

(26) Fort r E fJI- k, let Lk, ::! pkNk', and let L kk = O.
(27) Define n"k ::! - LjEBI Lkjvltivlt for k E~.

t Superscripts on generic symbols such as p and u will be omitted when obvious, as when the symbol appears
within an integrand of a definite integral.

t For notational brevity, the set £t- {k} is designated £t -k.
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(28) Let bk be a point fixed in t k such that Dkk is the position vector of Ok with respect
to bk • (This point bk is called barycenter of the kth substructure in the nominal
state.)

(29) Define Dkj ~ Dkk + Lkj for k,j E f!4.

(30) Define the dyadic K k ~ Lr€~ ...Itr(Dkr . DkrU - DkrDkr) where U is the unit dyadic.
(31) Define <Ilkk ~ Kk+J k.

(32) Define <Ilkj ~ - ...It(Djk . DkjU - WkDkj).

(33) Let the system of forces applied to 6k by the attached body 6 j be equivalent to a
resultant force fkj passing through the labeled point (It j or h) common to 6k and
6j , plus a torque Tkj.

(34) Let f'j be the kinematic constraint torque applied to 6k by 6j , such that with
Definitions 33, 16 and 21,

where

bjj = 1 and bjt = 0 for I ~ j

(35) Let !!4r be the rth neighbor set for r E f!4, such that k E f!4r if 6k is attached to 6r .

(36) Let f!4 kj be the branch set of integers r such that r E !!4kj if j = N kr. Thus f!4kj con­
sists of the indices of those bodies on a branch which is attached to 6k and begins
with 6j .

(37) Let hk be the contribution of rotors in 6k to the angular momentum of the kth
substructure relative to 6k with respect to Ok.

DERIVATIONS OF VECTOR-DYADIC EQUATIONS

In terms of the indicated definitions, equation (1) provides for the rth substructure
(r E !!4) :

Fr + L frs_ ...Itr(X +P') = °
se9lr

and for the kth substructure (k E f!4) :

Tk + L Tkj + L (pk j + ck) X fkj - ilk = O.
j€~. j€~.

(2)

(3)

Here a dot over a vector implies time differentiation in an inertial frame of reference.
As shown in [5, pp. 32-33J, the kth substructure angular momentum H k can be ex­

panded from basic definitions as

W ~ f (c+p)x(c+p)dm = Jk.rok+...ItkckXCk + f pxpdm (4)
dk {lk

where superscripts k are dropped from c and p within integrals ranging over the sub­
structure Ok' and where the open circle over a vector implies time differentiation in the
reference frame established by 6k • The contribution of a rotor to the integral last appearing
in equation (4) may be recognized as a vector fixed in t k and parallel to the rotor axis, with
a magnitude equal to the product of rotor spin axis inertia and the relative angular speed
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of the rotor relative to t k ; the vector sum of the contributions to this integral of all the
rotors in t k is by Definition 37 designated bk. Since pk = 0 for any field point in t k ,

H k = Jk.ol+Akckxck+hk+f pxpdm (5)
ak

limiting the range of integration to the appendage (l,k' Substitution of the inertial time
derivative of equation (5) into equation (3) produces, for k E fJI,

Tk + L: Tkj + L: pkj
X fkj +ck X L: fkj _i(Jk .ol)

je9lk je9lk je9lk dt

H "k k "hk id f 0 d 0- .At kC xC - - - p x p m =
dt ak

where either an overdot or the presuperscript i denotes an inertial reference frame for
time differentiation of a vector.

The integral in equation (6) cannot be evaluated explicitly without adopting a specific
mathematical model of the flexible appendage; nor can one go beyond the integral rep­
resentation of the substructure inertia dyadic Jk and the vector ck, which vector establishes
the shift ofthe substructure mass center Ck relative to body-fixed point Ok due to appendage
deformation. Without commitment to a particular appendage model, one can accept
(dropping subscripts within integrands)

and

J ~ f (p.pU-pp)dm
Ok

(7)

(8)k l\ 1 fc = -- udm.
A k J~

If the deformations u are to be assumed "small", the term -Akck x ck in equation (6)
becomes negligible, and can be ignored.

Since it is possible to manipulate equations (2) and (6) to eliminate redundant variables
and kinematic constraint forces and torques without making any restrictive assumptions
concerning the appendage model or the size of its deformations, there will be no inhibiting
assumptions imposed until specific cases are considered at the conclusion of this section.

The immediate objective is the extraction from the 6n +6 equations given by equations
(2) and (6) of 6+n equations in the 6+n unknowns established by the vectors X and COO

and the scalars Yl"'" Yn which define the relative rotations of contiguous rigid bodies.
We must expect these equations also to involve unknown deformation variables for the
appendages and rate variables for the rotors, but we must eliminate all interaction forces
(typified by fkj ) and all interaction torques (typified by Tkj) except for those having the
direction of the corresponding hinge axes, since these hinge-axis torques are known
functions of hinge rotation or some more general control law. We must also eliminate the
unknown position vectors typified by pr, replacing them by explicit functions of the hinge
angles Yl' ... ,Yn and the system geometry, and we must eliminate all cok for k E 9 in favor
of terms involving COO and Yr for r E 9.

Simply by summing all equations defined by equations (2), we obtain the familiar result

F = AX (9)
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where vIf is the total system mass and F is the resultant of all external forces Fr for r E 84.
Substituting from equation (9) back into equation (2) and rearranging produces, for r E 84,

I frs = -Fr+vlfr(FlvIf+pr).
5Efilr

(10)

Summing over the branch set 84kj (see Definition 36) provides

fjk = I I frs = - I [Fr -vlfiF/"" +pr)]
re9lkj sefMr refJIkj

so that, by Newton's third law,

fkj = - fjk = I [Fr
- ""r(FI"" +p')].

reMk)

(11)

Substituting equations (10) and (11) into equation (6) eliminates all interaction forces
from the rotational equations, providing

Tk+ I Tkj + I pkj x I [Fr - ""r(F/"" +pr)] + ck
X [ - Fk+ ""k(F/"" +pk)]

jel1lk jel1lk rel1lkj

(12)(k E 84).id (Jk k) L'/ "k k 'hk id f 0 d 0- - . ro - In kC X C - - - p x p m =
dt dt 4k

Equation (12) simplifies when written in terms of the vectors found in Definitions
26-29 in the preceding section, due to the identity, for k E 84

I pkj
X I [Fr -vlfiF/"" +pr)] = I Lkr X [F' -Ar(Fj"" ~pr)]

jel1lk rel1lkj rel1l

= I LkrxFr+DkkxF_ L Lkr X Arpr
re!1l refil

= I (Lkr+D kk) x F' - I L kr X A ",r
reM re98

= L (Dkr X F' - Lkr X ""rpr).
rel1l

(13)

Substituting equation (13) into equation (12) simplifies its appearance somewhat, but
there remains the problem ofeliminating the unknown kinematic constraint torques which
are present within the interaction torques typified by Tkj. By summing over all n+1 vector
equations defined by equation (12), we can by virtue of Newton's third law obtain one
vector equation involving no interaction torques at all; this summation gives

I {Tk+ I (Dkr X Fr _Lkr X Arpr)+ckx [Ak(Pk +F/A)-Fk]
kel1l rel1l

- id(Jk.rok)_AkCkXCk_bk_ id f pXPdm} = O. (14)
dt dt 4k

Equation (14), like equation (9), is free of kinematic constraint forces and torques, so
that these two vector equations can be preserved in the final set that is our objective. The
remaining n scalar equations can be obtained by summing equations obtained from
equation (12) over branch sets in order to isolate interaction torques such as Tkj, and then
by dot-multiplying each expression by the unit vector parallel to the corresponding hinge
axis. In particular, if we introduce the network elements found in Definition 25 of the
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previous section, we can sum over the branch set aN•s and get, for SEa,

(15)

(16)

By Definition 25, N s < s. Thus the labeled point on the hinge axis common to ~s and ~N.

is, by Definition 8, called fts; the unit vector parallel to the hinge axis is, by Definition 16,
called g'; and the interaction torque component of TsN• parallel to gS is, by Definition 21,
called 'S' Hence the dot product of equation (15) with gS provides the scalar equation,
for S E fJI,

's+gs. L {Tk+ L (Dk
' X F' _Lk

' X ./t,W)+ck
X [./tk(pk+FI.H)-Fk]

keIMN.. ,elM

id (Jk k) ~~ --k k 'hk id f 0 d }-- .ro -./TtkC xc - -- pxp m = O.
dt dt "k

Equations (9), (14) and (16) provide the required 6+ n scalar equations free of kinematic
constraint forces and torques, but they are not yet in final vector-dyadic form. The variable
vectors typified by p' must first be expressed in terms of the system geometry, the de­
formation variables, and a subset of the 6+n scalars required to define X, roo, and the n
angles of relative rotation at the n hinges. As a first step in this direction, we define ~'i

as the set of indices of bodies lying on the direct path between~,and ~i' and then (referring
to Fig. 2) we can write

p' - pi = ei +Li'+ L (V' - Vi) - Vi - c'.
se'lrj

(17)

But Vi = Lrr = 0, by Definition 26, and for any index S in the set fJI-~'i the sum
V' -Vi = 0, so that equation (18) can be written more simply as

p' _pi = L (V' -Vi)+ci-c'.
selM

....... ka"k FOR kt ~r'l..... :. ... '. ~

.* ~ : -......,..l-~-----to •
... :"'. "~'::~~~....-r----: . lk; = lkr

~ ........ .... ...•••.

.. ..-....

FIG. 2. System geometry.

(18)
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Multiplying equation (18) by vIt)vIt and summing over all j E .?4 produces

vIt· vIt· vIt· vIt·I _Jpr - L _Jpj = I L _J(Vr -V j )+ I _J(cj_cr).
jEiJIJ vIt jEiJIJ vIt jEiJIJ SEiJIJ vIt jEiJIJ vIt

But LjEiJIJ vltJ)j = °by definition of eM, and LjEiJIJ vltj ~ vIt, so we have

pr = L L vltj(vr_Vj)+~ L vltJ.cj-cr.
jEiJIJ SEiJIJ vIt vIt jE9IJ

Reversing the summation sequence in the first term, changing the index symbol in the
final summation, and substituting the vectors introduced in Definitions 27 and 29, we
find simply that, for r E .?4,

pr = L (Lsr +055 + vltscs ) _cr = L (osr + vltscs ) _cr. (19)
-'E9IJ vIt SEiJIJ vIt

Equations (14) and (16) contain not pr itself but combinations which, with equation (19),
can be written as

c
k

x vltkfl = vltkCk
x L~ (Drk+ ~er) -CkJ

and, in terms employing the symbols of Definitions 26-30,

- L Lkr X vIt,P' = - I Lkr X vltr[L (Dsr + vltses ) -crJ
rEiJIJ rEiJIJ SEiJIJ vIt

= - I Lkr X vltr[Dkr + L .os, + L .ttses -e'J
rEiJIJ SEiJIJ - k SE9IJ vIt

= L (Okk - Okr) X [vIt):>kr + A r ( I vftscS
- vlter) ]

rE9IJ vIt sE9IJ

- L I .ttrLkr XDsr - I '~rLkr X.orr
rEiJIJ-k sEiJIJ-k-r rEiJIJ-k

(20)

= OkkX I A):>kr_i(I OkrxA;Okr)+Okkx LAses
reiJIJ dt rEiJIJ SEiJIJ

- Okk X L Arcr- ( I okrA r) L vltscs
rEiJIJ rEiJIJ SEiJIJ JIt

+ I okr Xvltrer- L L ArLkr XDsr + I I J(sLkr XDrs
rEiJIJ rE9IJ-k sE£B-k-r re£B-k seiJIJ-r

- I L AsLks XDrs + L I vltsLkr XDrs
rE£B-k sE£B-k-r reiJIJ-k se£B-r .

= _i[{ I vltr(Okr. okru _OkrOkr)} .rokJ
dt rE£B

+ I vltrOkr Xcr+ I I A..(Lkr
- Lks) XDrs

regs rE~-kse!1l-r
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or

- L LkrxArp' = - id[Kk.(Ok]+ LArOkrxcr+ L L A.(Lkr_Lks) X or. (21)
rsOl dt rsOl rsOl- k .sOI

In the development leading to equation (21), it is recognized that L.e.il Asor. = 0 (reflecting
the significance of the barycenter as the mass center of the undeformed augmented body,
which consists of the substructure augmented at each connection point by a particle
having the mass of the corresponding branch set.) It was also noted that

- L L .ltrLkr xO·r =
re.il-k se.il-k-r

where the second step involves simply relabeling indices.
Finally, we can recognize in equation (21) that the quantity Lkr - Lks is zero for any

index s corresponding to a body which lies anywhere on the branch which begins with
6Nk and includes 6r, and for any other index the quantity Drs is also ork. Thus in equation
(21), or. can be replaced by ork, with the consequence

- L Lkrx.ltrpr= _~(Kk.(Ok)+L .ltrOkrxcr+ L L .It.(Lkr_Lks)xOrk
re.il dt re.il re.il- k se.il

= _~(Kk.(Ok)+ L A,Dkrxcr+ L [(.ltLkr _ L .It.Lk') xorkJ
dt rsOl rsOl-k ssOl

or, with Definitions 27 and 29,

- L Lkr X.ltrP' = -~ (Kk . (Ok) + L A,Dkr Xcr+ L .ltOkr XOrk. (22)
re.il dt re.il re.il- k

By substituting equations (20) and (22) into equations (14) and (16), we can obtain the
desired vector-dyadic equations. In this substitution, it becomes apparent that Kk and Jk

always appear in combination, suggesting the introduction of the new dyadic <Ilkk (see
Definition 31). Then the new versions of equations (14) and (16) become

L {Tk+ L okr X Fr +ck x (.ltkF _Fk) + L .ltrOkr x cr
ke.il re.il .It re.il

+.ltkCkX L (firk+.ltrcr)_~(<I>kk.(Ok)+ L .ltOkrxork_hk_~f pXPdm} =0(23)
re.il .It dt re.il- k dt 4k

and, with judicious use of the path elements found in Definition 23,
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Equations (23) and (24) can be restated in more useful form by expanding terms in­
volving time derivatives relative to inertial space to obtain time derivatives relative to
reference frames established by individual substructures, plus additional undifferentiated
terms.

In particular, noting that D,k is fixed in {f" we can substitute

D,k = cO' x D,k + 00' x (00' x D,k) (25)

so that in terms of Definition 32, we have

L vIIDk, XD,k = - L <l>k,. cO' + vii L Dk, x [00' x (00' x D,k)]. (26)
,e9il-k ,e9il-k ,e9il-k

The parallel expression for c' becomes

c' = "c0 '+ 200' x~, + cO' Xc' + 00' x (00' xc') (27)

with open circles representing time differentiation in the reference frame established by {f,.

Other time differentiations in inertial space expand as

ilk = hk+ookxhk (28)

(29)

and

~ f pxpdm = f pXPdm+ookxf (pxp)dm (30)
t 4k ak ak

with the open circle indicating time differentiation in the reference frame established by
the local substructure (here {fk).

By combining equations (23H30), we can obtain the vector dyadic equations of
rotation in the form

and

where

Ts+g'· L tffskW
k

= 0
ke@

W k £ Tk+ L Dk
, X F' +ck x (vllkF _Fk)

,e9il vii

+ L vII,Dk' Xreo, +200' xc' + cO' Xc' + 00' x (00' xc')]
,e9il

+ vIIkck X L [cO' x D,k + 0)' x (00' x D,k)]
,e9il

- L (~'. cO') + vii L Dk, X[0)' X (0)' XD,k)J - ookX~k • ook
'e9il-k ,e9il-k

_hk_ookx bk_<I>kk. OOk-f P xpdm _ookx f (p x p) dm.
ak 4-k

(31)

(32)

(33)
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To obtain the vector-dyadic equations in their final form, involving the 6+n unknowns
in X, 00°, and y" . .. , Yn as well as the rotor momentum variables and the deformation
variables, we must substitute in equation (33) the expressions

and

OOk = 00° + L ~rkYrgr
rE~

rok = roO + L ~rk[iirgr +00° x Yrgr+ I $srYsgS x grJ
rE~ SE~

(34)

(35)

where tC:.k are the path elements found in Definition 23, and Definitions 6, 16 and 17 are
also employed.

In combination, equations (9) and (31H35) provide the final form of the vector-dyadic
equations of vehicle translation and substructure rotation. In addition to these equations,
for each rotor in the system an additional scalar unknown is introduced, and one more
differential equation is required. If a rigid axisymmetric rotor with spin axis inertia fks
spins relative to body t k at the angular rate I/IkS about an axis parallel to the unit vector
bks fixed in t k, and if r:s is the magnitude of the bks component of the torque applied to the
rotor, then the required additional equation of motion is

(36)

If there are N k rotors in t k , and N R rotors in the entire system, then equation (36) applies
for s = 1, ... , N k

, with k E fJI, so that equation (36) contributes N R scalar equations. More­
over, the variables in equations typified by equation (36) are related to those in equation
(33) by

Nk

hk = L fksl/lksbks.
s= ,

(37)

The scalars typified by r: s must of course be given, either explicitly or implicitly in the
form of additional differential equations representing control laws. The same is true of
r" T k and Fr in equations (33) and (32). Once these issues are settled, however, there re­
mains the problem of defining the nonrigid appendages mathematically and establishing
their equations of deformational motion. The relative advantages of alternative appendage
models are considered in detail in [6], and briefly summarized here.

If the appendage o,k is of extremely simple configuration (such as a uniform elastic
beam), and the nominal angular velocity OOk ofthe base to which it is attached is of a special
class (such as zero, or parallel or orthogonal to the hypothesized beam), then it might
become attractive to model the appendage as an elastic continuum, writing partial dif­
ferential equations of vibration, seeking normal modes of vibration, and truncating to a
modest number of coordinates and a corresponding number of ordinary scalar differential
equations. One must then return to those terms in equations (31H35) which depend on
deformation (noting equations (7) and (8)), and evaluate those terms as functions of the
modal deformation coordinates, ignoring secbnd degree terms in deformation variables.

In most cases, it will prove more feasible to adopt for an elastic appendage a finite­
element model such as that described in the Introduction. The equations of small vibratory
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deformation can then be recorded from [1]t (see equation 64), and the appropriate co­
ordinate transformation can be adopted from [1] (see equation 74). The vector ck in
equation (8) is then replaced by c as recorded in [1], equation (43), with e == 0 and sum­
mation extending only over the kth substructure. Although the dyadic Jk in equation (7)
and the integral (id/dt) J p x pdm are not provided in [1], which treats the distributed mass

"".finite element model with nodal bodies, they are available in [5] for the special case with
all mass concentrated in the nodal bodies; see [5], equation (126) for Jk and equation (127)
for jk, and see equation (112) or equation (114) for (Vdt) t. p x pdm, recognizing in each
case that the superscript k indicates restriction to the kth substructure, and setting na

and ~ as found in [5] identically to zero. In each case the indicated expressions involve
deformation variables which must be subjected to coordinate transformations and trun­
cations, as indicated in [1] and [5].

If it pleases the analyst, he can conceal the complexities of modeling the elastic ap­
pendage by simply adopting a symbolic model in terms of mode shapes and natural
frequencies. Then he can rather easily record the equations of vibration (probably using
Lagrange's equations with modal coordinates for generalized coordinates), and he can
evaluate the deformation-dependent terms in equations (31H33) in terms of unspecified
mode shapes and frequencies. Of course he must face the problems of adopting an ap­
pendage model and determining its modal characteristics when he wants to face any real
problem.

SUMMARY

By combining equations (9), (31), (32) and (36) with equation (64) of [1], one can obtain
a generic statement of a minimum-dimension set of equations of motion of a system of
n + 1 rigid bodies interconnected by n line hinges, with a set of axisymmetric rotors and a
finite-element model of an elastic appendage attached to each rigid body. In order for
these equations to stand alone as a complete formulation of the problem, one must sub­
stitute the auxiliary equations (33H35) and (37) as well as certain specified equations from
[5] into equations (31) and (32), and equation (64) of [1] must be composed from the under­
lying equations of that reference (equations 46, 53 and 62). Moreover, the total system of
equations must for practical utilization be written in matrix form and the appendage
deformations subjected to modal coordinate transformations and truncations, as these
procedures are described in [1] and [5]. Although one must not underestimate the labors of
proceeding from the vector-dyadic equations in this paper to a generic computer program
for integrating these equations, this does appear to be a feasible task. Once the program
is completed, it will have sufficient generality to encompass several spacecraft simulations
for which specific numerical integration computer programs have been written in the
past [7-9]. Experience with these programs provides reasonable assurance that the generic
program proposed here will find application as a practical tool for the simulation of
complex modem spacecraft.

t Note that the vector called X in [1] must be interpreted for the rth appendage of the present paper as
X +p', with p' expanded as in equation (19).
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PellOMe-C03Aaml ypaBHeHllli ABlllKeHllli Anll MOAenllpOBaHllli KOCMIl'leCKOrO Kopa6nll Ilnll APyroH
cnOlKHOH 3neKTpoMeXaHH'leCKOH CIlCTeMbI, KOTopble MOlKHO H3MeHlITb BTeOpeTIl'leCKIlH KOMnneKT lKecTKIlX
Ten, HaBeUlaHHblX Ha neTnilX rro TononorllH "AepeBa", c lKecTKHMIl ocecHMMeTpH'lHbIMIl pOTopaMH H
HelKecTKHMH rrpHAaTKaMH, KOTopble rrpHKperrneHbI K KalKAoMY lKecTKoMy Teny KOMrrneKTa. 3Ta pa60Ta,
BMecTe c paHee ony6nHKoBaHHOH OTHoCliUleHcli pa6oToH 06 ypaBHeHHlIX BIl6paUllll (j>IlHIlTHblx3neMeHToB
npllAaTKOB, rrpeACTaBnlleT nonHylO (j>opMynllpoBKy MIlHIlManbHoro-pa1Mepa. npllrOAHoro Anll xapaKT­
epHoro rrporpaMMllpOBaHllli II 'lIlCneHHOH IlHTerpaU1l1l U,BM.


